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The  study  of  discrete  set-valued  multiplications  on  a 
set  is  originated  and  developed  by  0.  Ore,  M.  Dresher,  and  J. 

E.  Eaton,  On  the  other  hand,  the  topological  observations  of 
set— Valued  functions  have  been  investigated  extensively  over 
the  past  forty  years.  Enough  information  about  the  rela- 
tionship between  a space  X and  2^,  the  space  of  all  nonvoid 
closed  sunsets  of  X,  v^as  given  by  E.  Michael,  in  the  case 
wheire  X is  a continuum,  J.  L.  Kelley  investigated  numerous 
properties  of  2^.  W.  L.  Strother  studied  the  continuity  of 
rune tions  extensively  in  1951.  Furthermore,  A.  D. 
Wallace,  S.  Eilenberg,  and  L.  E.  Ward  contributed  heavily  to 
tire  theory  of  fixed  point  property  for  set-valued  functions. 
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Recently,  A.  D.  V7allace  suggested  an  idea  coiiibining 
the  above  tv/o  a3.gelDiraic  and  topological  concepts  together. 
No  literature  concerning  topological  algebra  based  on  a set 
valued  multiplication  could  readily  be  found.  This  disser— 
^^t.ion  is  devoted  to  the  investigation  of  basic  theory  of 
binary  set— valued  topological  algebra  and,  in  particular, 
the  properties  of  Set— valued  multiplications  on  an  interval 

A multi.— mob  is  a nonvoid  Hausdorff  space  together 
with  a continuous  associative  set- valued  multiplication. 

In  chapter  I,  definitions  and  examples  of  multi- 
mobs are  given.  Also  a condition  for  the  existence  of  a 
scalar  iderapotent  is  found. 

In  chapter  II,  the  elementary  properties  of  submobs, 
ideals,  and  homomorphisms  are  investigated. 

In  chapter  III,  it  is  shovm  that  the  multi-semi- 
lattice on  an  interval  in  which  an  end  point  is  a zero  has 
the  exact  structure  of  a topological  semilattice.  More  on 
multi— semilattices  and  standard  multi— mobs  are  studied. 

In  chapter  IV,  some  properties  of  multi-actions  are 
investigated  by  using  their  induced  semigroup  actions. 
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CHAPTER  I 


MULTI -MOB 

1.  Vietoris  Topology 

Throvighout  this  paper , all  spaces  in  consideration 

are  assumed  to  be  Hausdorff.  Let  X be  a space  and  let 
X 

2 be  the  set  of  all  nonvoid  closed  subsets  of  X.  With 
each  subset  A of  X we  associate  the  follov/ing  subsets 
of  2^: 

L (A)  = { B 6 2^  I B C A } , M (A)  = [ B e 2^  | B H a ^ . 

The  Vietoris  topology  for  2 is  the  topology 
having  the  family 

( L (U)  I U = U°  C X } ^ { M (V)  I V = V°  C X } 

as  a subbase  of  it.  The  Vietoris  topology  for  2^  is  also 
knov/n  by  the  names  "finite  topology"  and  "exponential 
topology"  [12].  This  is  equivalent  to  the  topology  used  by 
Frink  [3]  and  Strother  [18] . 

f I j = is  a finite  collection  of 
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subsets  of  a space  X,  then  \ ’ is  defined  to 
be  the  set  of  all  nonvoid  closed  subsets  of  X which 
are  covered  by  { | j = l,...^n}  and  intersect  every 

member  of  [ | j = 1, . . . , i.e., 

< ^ { B € 2^  I bC  and  B^a^  ^ □ for  each  j } . 

Let  be  subsets  of  a space  X 

and  let  u = . . . U ^ V = U . . . U since 

X 

2 =<X>  and  < Uj_,  . . . > n < v^,  . . . n V, 

• • • ^Un  V,  U n , . . . ^ the  collection  of  the 

form  > with  being  open  in  X forms 

C C 

■y 

a base  for  the  Vietoris  topology  on  2 . 

Since  L(A)  = 2^  - M(X  - A)  and  M(A)  = 2^  - L (X  - A)  , 
L(A)  and  M(A)  are  open  (closed)  if  A is  open  (closed). 

The  following  lemma  concerning  the  relation  between 
the  topology  of  X and  the  Vietoris  topology  of  2^  may 
be  found  in  [12] . We  shall  give  the  proof  of  (2) , in  the 
next  lemma^  for  the  interest  of  its  techniques. 

Lemma  1.1.  Let  X be  a space.  Suppose  2^  has 
the  Vietoris  topology  and  C(x) ^ the  set  of  all  nonvoid 
compact  subsets  of  X,  carries  the  relative  topology  of  2^. 


Then 
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(1) 

X 

is 

regular  if 

and 

only  if  2^ 

is 

Hausdorffj 

(2) 

X 

is 

compact  if 

and 

only  if  2^ 

is 

compact_, 

(3) 

X 

is 

metrizable 

if  and  only  if 

C(X) 

is  metrizable. 

Proof  of  (2) . Suppose  2^  is  compact.  Let 

{ L(Uj^)  I ^ e ^ } be  an  open  cover  for  X.  Then  [ < X,  > [ 

\ £ A ) is  an  open  cover  for  2^,  and  there  is  a finite 

subcover  [ < x,  X,  U^>  } for  2^.  But  then 

{ 3 is  a finite  subcover  of  { L (U  ) | X e A } for 

X 

X. 


Now  suppose  X is  compact.  Let  [ L (U  ) | X e A } 

X 

[ Y £T  } be  an  open  cover  for  2^  by  the  subbase 
members  of  the  topology  for  2^.  Let  V = '^{V^  lYeT}. 
Then  X - vC  for  some  € A since  X - V e M (V^ ) for 

any  y e A . Therefore  {v^  1 Y £ T } is  an  open  cover  for 
the  compact  set  X - and  there  are  e { Vy  ( 

Y } such  that  X — U G Vy  *^  . . . G V . Now  it  is  clear 
that  the  family  M (V^)  , . . . (V^)  } covers  2^ 

and  2 is  compact  by  Alexander's  subbase  theorem. 


If  (X,  d)  is  a metric  space^  then  the  Hausdorff 
metric  [26]  p for  C(X)  is  given  by 

p(A,  B)  = max  ( sup  [ d(a,  B)  | a e A } , sup  { d(A,  b)  | b e B } ) . 
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Theorem  1.2.  If  X is  a metric  space,  then  the 
Hausdorff  metric  topology  for  C (x)  is  equivalent  to  the 
relative  topology  on  C (x)  induced  by  the  Vietoris  topo- 
logy  of  2 . 


Proof.  Let  £>0  be  given.  Let  A e C (x)  and  let 
(A)  denote  the  e-neighborhood  of  A in  ( C(x)  , p)^ 


1 . e 


3 (A)  — [ B e C (X)  jp(A,  B)<e}.  Since  A is  compact 

X,  there  exist  a, , . . . ,a  e A and  ^e/2  j • • • )^e/2  ^ 


the  respective  e/2-neighborhoods  of  a^ , . . . ,a  in  X,  such 
n 

j=i  e/2 


that  Then  A e (a^)  , . . . (a„)  > • 

If  Be  <Ng/2(ai)  , • . . > then  ^ ^ ) 

and  B^Ng^2^^j)  7^  □ each  j.  If  b e B,  d(a^,  b)  < 

e/2  for  some  i.  Therefore  d(A,  b)<e/2.  If  a e A,  then 

d(a,  a.)<e/2  for  some  j.  Since  B^N  , (a . ) / □ 

J e/2  j ' ^ 

d(aj,  b')  < e/2  for  some  b'  e B.  But  then  d(a,  b')  < d(a,  a ^ ) 

+ d (a  j , b')<e,  i.e.,  d(a,  B)  < e . By  the  definition  of 

Hausdorff  metric,  P(A,  B)  < e.  Therefore  Be  !I^g(A)  . 

Conversely,  let  open  in  X and  let 

A e < Un  , . . . , U > . If  U = U . , then  A C U and  A U . 

J-x  3 3 

/□  for  each  j.  Let  2e  = d(A,  X - U)  > 0.  Since  A is 

compact,  there  exist  a . ...,a  e A such  that  A C N (a.) 

1 n j=l  e'  j' 

C ^.^iN2  g(aj)  C U.  Let  B e beB.  Then 

d(A,  b)  < e/2.  Since  A is  compact,  d(a,  b)<e/2  for  some 
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aeA.  Since  A ^ (a  . ) , d(a,  a^)<e  for  some  i 

and  d(b,  a^)  <2e.  Then  beU  and  B C U.  Now  let 

a e A and  choose  e ' > 0 such  that  2e  ' < e and  N, , (a) 

C U^.  If  B e , (A)  j then  d (a , B)  < s and  hence  there 

exists  b e B such  that  d(aj  b)  < e ' . Then  b e U.  and 

bHu  for  each  j,  i.e.,  . (A)  C<  U,  , . . . ,U  > . 

J ^ ^ n 
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2.  Multi-Valued  Functions 

X 

Henceforth,  2 is  always  assumed  to  have  the 
Vietoris  topology.  The  follov/ing  lemma  is  a criterion  for 
the  continuity  of  multi-valued  functions  and  is  found  in 
[12J  . 

1.3.  A function  f : X > 2^  is  continuous 

if  and  only  if  the  following  conditions  are  satisfied: 

(1)  { X € X I f (x)  A ^ } is  open  in  X whenever  A 

is  open  in  Y, 

(2)  { X e X I f (x)  n A } is  closed  in  x whenever 
A is  closed  in  Y. 


Proof.  If  f 

is  continuous,  if 

V is  an  open 

subset 

of  Y,  then  { 

X e X 1 f (x)  n V □ } 

= f“^(M(V))  is 

open  in 

X.  If  A is 

a closed  subset  of 

Y,  then 

{ X e X 1 

f (x)  n A } : 

= X - f“^  (L(Y  - A)  ) 

is  closed  in  X 

Conversely,  if 

V is  an  open  subset  of  Y,  then 

f (M  (V)  ) — [ X e X I f (x)  ^ V ^ } is  open  by  using  (1)  , 

above.  By  using  (2)  , above,  { x eX  J f (x)  H (y  - v)  } 

is  closed.  Then  { x e x | f (x)  H (y  _ y)  ^ □ ) = f"^  (M (y  - v) ) 

~ - - L (V) ) = X - f ^ (L (V) ) is  closed  in  X and 

-1 

f (L(V))  is  open  in  X.  Therefore  f is  continuous. 
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Corollary  1.4.  Let  f;  X Y be  a function. 

Define  f:  X 2^  via  f (X)  = [f(x)}.  Then  f is 

continuous  if  and  only  if  f is  continuous. 

Proof.  Let  A C Y.  Then  { x e X j f (x)  H a ^ = 

(A)  . 

Corollary  1.5.  A function  f*  v — —- > 2Y  is 
continuous  if  and  only  if  the  following  two  conditions  hold: 

(1)  V being  open  in  Y and  V □ imply  that 

there  is  an  open  set  U in  X containing  Xq 

with  f(x)  V / □ for  each  x e U, 

(2)  V being  open  in  Y and  f(xQ)  C V imply  that 

there  is  an  open  set  U in  X containing  x 

with  f(x)  C V for  each  x e U. 

Remark . The  Vietoris  topology  for  2^  can  be 
extended  to  P (X) ^ the  power  set  of  X (see  [12]).  However, 

if  Y is  a Tj^  space  and  if  f:  x > P (Y)  is  continuous 

then  f (X)  C_  2 [18]  . Since  all  spaces  are  assumed  to  be 

Hausdorff,  we  lose  nothing  by  restricting  observations  to 
2^  rather  than  to  P(X). 
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3 . Multi-Mob 

Definition  1.6.  A multi-mob  is  a nonvoid  Hausdorff 

space  S together  with  a continuous  function  S X S > 2'*^ 

(whose  value  at  (x,  y)  will  be  denoted  by  xy)  satisfying 
(xy)z  = x(yz)  for  all  x,  y,  zeS.  AB  is  defined  to  be 

the  union  ^ [ ab  [ a e A,  b e B } for  A,  B C S. 

# 

Examples  1.7, 

(1) . Any  space  X is  a multi— mob  under  the  multipli- 
cation 

^ = fx,  y}  for  each  x,  y e X. 

Proof.  Let  A G X and  let  B = {(x,  y)eXXx| 
xy  n A X □ } . It  is  readily  seen  that  B=AXx'->’xXA, 
and  B is  open  (closed)  whenever  A is  open  (closed) . 
Therefore  the  multiplication  is  continuous  by  using  Lemma 
1.3.  Also  the  multiplication  is  associative  since 
(xy)z  = (x,  y,  z]  = x(yz)  for  all  x,  y,  z e X. 

(2) .  Any  topological  semigroup  ( [9] , [13] , [19] ) is  a 
multi-mob  under  the  semigroup  multiplication  by  using 
Corollary  1.4. 

(3)  . Let  X be  a plane  with  usual  topology.  By 
defining  xy  to  be  the  segment  joining  x and  y for 
each  pair  of  distinct  points  x,  y e X,  and  x^  to  be  the 
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singleton  (x),  X becomes  a multi -mob  under  this 
multiplication . 

Proof.  By  Theorem  1.2,  the  Hausaorff  metric 
topology  may  be  used  for  C(x)  since  xy  e C(x)  for  each 
X,  ye  X.  Let  (a,  b)  e X X X and  let  in^(ab)  = [ C e C(X)  j 
p(ab,  C)<e}.  Let  ® 

neighborhoods  of  a and  b in  X respectively.  Let 

yeN^^2(^)-  Since  d(ab^  z)<  e/2  and 
d(c,  xy)  s e/2  for  each  z e xy  and  each  c e ab, 
sup  [ d(c,  xy)  I c £ ab  } < e and  sup  { d(ab^  z)  | z e xy  ] < e. 
Therefore  p(ab,  xy)  < e and  = ^ ( xy  | x e 

^ ^ that  the  multiplication 

is  continuous.  The  associativity  is  evident^  and  X is 
a mu]ti-mob  under  the  given  multiplication. 


(4) . Let  X - [a,  b]  be  the  real  closed  interval  from 
a to  b.  Tnen  X is  a multi-mob  under  the  multiplication 
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xy  = [ min  [x,  y]  ] . 

.Proof.  Let  f : X > 2^  be  the  function  defined 

by  f(x)  = [a,  x]  for  each  xeX.  Let  ceX  and  let 

3lg(f(c))  be  the  e -neighborhood  of  f(c)  in  2^,  i.e., 

(c) ) = { E 6 2^  I p ( [a,  c]  , E)  < e } . Let  N , (c)  be 

e/ Z 

the  e/2-neighborhood  of  c in  X.  If  xeN  y^(c)  , then 

e/2  ^ 

c])^e/2  and  d(b,  [a^  x])^0/2  for  each 

be  [a,  c]  and  for  each  ye  [a,  x]  , and  therefore  P([a,  c]  , 

[a,  x])<e  for  each  xeN  .Ac),  i.e.,  f(N  (c) ) C 

e/2  e/2 

5J^g(f(c)).  Hence  f is  continuous.  Since  g;  X X X > X, 

via  g(x,  y)  = min  [x,  y],  is  continuous,  fg  is  contin- 

uous and  fg(x,  y)  = [a,  min  {x,  y}  ] . It  is  clear  that 
(xy)z  = [a,  min  [x,  y,  z]  ] = x(yz),  and  X is  a multi- 
mob under  the  given  multiplication. 

(5) .  Let  X = [0,  1]  be  the  real  unit  interval. 

Then  X is  a multi-mob  under  the  multiplication 

xy  = [0,  the  usual  product  of  x and  y]. 

(6)  . Let  X = [a,  b]  be  the  real  closed  interval 
from  a to  b.  Then  the  following  are  also  multi-mob 
multiplications : 


xy  = [a,  x] 


xy  = [a,  y]  , 


xy  = [X,  b] , 


xy  = [X,  y] . 
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(7).  Let  X be  the  unit  disc.  Define  xy  to  be  the 
segment  joining  the  center  of  X to  the  point  correspond- 
ing to  the  usual  product  of  the  complex  n-umbers  x and  y 

in  X.  Then  X becomes  a multi-mob  under  this  multipli- 
cation. 


1.8.  Let  S be  a multi— mob. 

An  element  u of  S is  called  a left  unit  if 

and  only  if  x e ux  for  each  x in  S. 

An  element  e of  S is  called  an  idempotent  if 

and  only  if  = e. 

An  element  f of  S is  called  a multi -idempotent 
if  and  only  if  f e f^. 

An  element  s of  S is  called  a left  scalar  if 

and  only  if  sx  is  a singleton  for  each  x in  S. 

An  element  u of  S is  called  a left  scalar  unit 

if  and  only  if  u is  a left  scalar  and  a left  unit_,  i.e.  , 

ux  = X for  each  element  x in  X. 

An  element  e of  S is  called  a le ft  scalar 

idempotent  if  and  only  if  e is  a left  scalar  and  an 

idempotent. 

In  each  definition,  above,  right  and  two-sided 


elements  are  defined  analogously. 
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Remarks . It  will  be  observed  that  no  differenti- 
ation is  made  between  x and  {x)  if  it  is  not  conven- 
ient to  do  so  and  will  not  readily  lead  to  confusion.  it 
may  be  seen  that  if  a multi-mob  S contains  a scalar  unit 
then  there  is  no  other  left  or  right  unit  in  S [5]  [7].  The 
following  example  shows  that  a compact  connected  multi- 
mob  does  not  necessarily  have  an  idempotent.  However,  the 
existence  of  a scalar  idempotent  of  a compact  multi-mob 
will  be  shown  under  certain  conditions. 

1.9.  Let  D be  a disc.  Choose  another 
disc  A in  D and  name  the  annulus  B and  the  bounding 
circle  C respectively 'as  in  the  following  figure.  Define, 
a multiplication  on  D as  follows: 


Then  D becomes  a multi-mob  under  this  multiplication  and 
has  no  idempotent. 

Theorem  1.10.  if  a compact  multi-mob  S contains 
a left  (right,  two-sided)  scalar  elem.ent,  then  S has  a 
left  (right,  two-sided)  scalar  idempotent. 
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Proof.  Let  {s}  denote  the  subset  {[s]  | S£  S } 
of  2 . By  Corollary  1.4,  {s}  is  closed  in  2^.  Let 

A be  the  set  of  all  left  scalar  elements  of  S.  Then 

S is  nonvoid  by  the  hypothesis.  For  each  x in  S,  let 

Ax  = { s e S I sx  is  a singleton  } . 

Define  a function  f:  S 2^  via  f (s)  = sx.  Then 

f is  continuous  and  hence  = f"l([s})  is  closed  in 

S . Since  A - { A^^  [xeS],  A is  a closed  subset  of  S . 

It  is  clear  that  s,  teA  implies  steA.  Thus  A is  a 
compact  semigroup  and  therefore  S has  a left  scalar 
idempotent . 


CHAPTER  II 


IDEALS  AND  HOMOMORPHISMS 
1 . Submobs 

Conventions . Throughout,  S will  denote  a multi- 
mob and  E will  denote  the  set  of  all  multi-idempotents  of 
S.  For  subsets  A,  B of  S,  AOr  will  denote  the  family 
(abjaeA,  beB},  i.e.,  AbCs  and  A o b C 2^ . 

Theor em  2.1.  Let  A and  B be  compact  subsets  of 
S.  If  AB  is  contained  in  an  open  subset  W of  S,  then 
there  exist  open  subsets  U and  V of  S such  that 

aC  U,  B C V,  and  UV  C W. 

Proof.  Since  AB  C W,  ab  C W for  each  a e A and 
each  b £ B,  therefore,  Ao  b G L(W)  . Since  L(W)  is  open 

s 

in  2 and  since  the  multiplication  is  continuous,  by 
using  Wallace's  theorem  ( [10] , [14] , [20] , [21] ) , there  exist 
open  subsets  U and  V of  S such  that 

A C U,  B C V,  and  U^vC  L (W)  . 
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By  taking  their  unions,  we  have  UV  C L (W)  C W. 

Corollary  2.2.  Let  A be  a compact  subset  of  S 
X £ S.  If  Ax  is  contained  in  an  open  subset  V 
of  S,  then  there  exists  an  open  subset  U of  S such 
that  xeU  and  AU  C V. 

Notations . For  subsets  A and  B of  S,  .it  is 
convenient  to  write 

A^  ^B  = {x£S|AxCb),  A^^^B  = [xeSlAx^B^Gj^ 

BA  = {xeS|xACB},  BA^^^=  [xeS|xAl^B;^G). 

In  the  case  where  S is  a topological  semigroup, 
various  forms  of  the  proof  of  the  following  theorem  have  been 
given  in  [15]  and  [20]. 

Theorem  2.3.  Let  A and  B be  subsets  of  S. 

Then 

(1)  If  A is  compact  and  if  b is  open,  then  A^"^^B 

is  open. 

(2)  If  A is  compact  and  if  B is  closed,  then  A^“^^B 

is  closed. 

(3)  If  A is  compact,  then  [ x g S | B C Ax  ) is  closed. 
Proof.  (1).  If  xgA^”^^ 


B,  then  AxC  B.  Since 
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A is  compact,  and  since  B is  open^  fcy  Corollary  2.2, 
there  exists  an  open  subset  V of  S such  that  x e V 
and  AV  C B,  i.e.,  vCa^  ^B.  Therefore  A^  ^^B  is 
open  in  S.  (2)  and  (3)  may  be  proved' by  observing  that 
A^  (S  - B)  = S - A^  ^^B  and  { x e S | B C Ax  } = n{  A^“^^b 
b € B } respectively. 

Definition  2.4.  A nonvoid  subset  A of  S is 
called  a submob  of  S if  and  only  if  A^  C A. 

Lemma  2.5.  Let  X and  Y be  spaces  and  let  f 
be  a function  from  X into  Y. 

(1)  f is  continuous  if  and  only  if  f(A*)  C f(A)*  for 
all  A C X. 

(2)  If  f is  continuous  and  if  A is  a subset  of  X 

whose  closure  is  compact,  then  f(A*)  = f(A)*  [10]. 

Lemma  2,6.  Let  X be  a regular  space  and  let  S 
be  a compact  subset  of  2^.  Then  is  closed  in  X 

[12]. 

2.7.  Let  A and  B be  subsets  of  S. 

Then 

(1)  A*B*  C (AB)*. 

(2)  If  S is  regular  and  if  A*  and  B*  are  compact. 


then  A*B*  = (AE)*. 
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,P£oof . For  C 2 , B will  denote  the  closure 

c 

of  B in  2 . 

(1).  Since  A*  X B*  = (AX  B) by  using  the  conti- 

nui i_y  of  the  multiplication  and  Lemma  2.5^  A*  o b*  d (AOB)~. 

Therefore,  A*B*  C d (a  o b)  " . It  will  be  shown  that 

^(Aob)  C (AB)*.  Suppose  x/  (AB)*.  Then  there  is  an 

open  subset  U of  S such  that  xeU  and  U ab  =□, 

and  ab  C S - U for  each  aeA  and  each  b e B,  i.e., 

AobC  L(S  - U).  It  follows  that  (Aob)“C  L(S  - U)  since 

L(S  - U)  is  closed  in  2^ . Therefore  cHu  =□  for  each 

Ce  (Aob)  . Then  x^  C for  each  Ce  (AOB)",  and  hence 

xX^(AoB)“.  By  contraposition,  A*B*  C ^ (A  o b)  ~ C (AB)*. 

(2) . By  the  compactness  of  A*  and  B*,  A*  X B*  = 

(A  X B)*  is  compact  in  S X S.  Again  by  using  Lemma  2.5, 

A*E*  =U(a»ob*)  =U(aob)-.  Since  (AOB)-  is  compact  in 

s 

2 , by  using  Lemjtia  2.6,  A*B*  is  closed  in  S.  Therefore 
(AB)*C  (A*B*)*  = A*B*.  By  using  (1),  above,  A*B*  = (AB)*. 

Theorem  2.8. 

(1)  The  closure  of  a submob  of  S is  a submob  of  S. 

(2)  The  intersection  of  a family  of  submobs  of  S is  a 

submob  of  S if  it  is  nonvoid.  . 

(3)  If  S is  regular,  then  the  closure  of  a commutative 
submob  of  S is  also  a commutative  submob  of  S. 
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Proof.  (1).  If  C A,  then  (A*)  ^ C (A^)  * C A* 
by  the  Theorem  2.7.  (2)  is  clear. 


Since  S is  regular,  2®  is  Hausdorff  by  Lemma 


1.1 

. Suppose 

there  are 

two  distinct  elements 

X and 

y 

in 

A*  with 

xy  ^ yx. 

Then  there 

exist  open 

subsets 

U 

and 

'If  of  2^ 

such  that  xye^. 

yx.  elr,  and 

K 

= □. 

Since  the  multiplication  is  continuous,  there  exist  open 
subsets  U V^,  and  V of  S such  that  x e U V 

y ^ ^y  ^ o Uy  C K,  o Vy  C y . Therefore 

( (U^  ^ v^)  O (Uy  n v^)  ) n ( (u^  n v^)  o (u^  ^ v^)  ) = □.  since 
there  are  elements  a and  b of  A such  that  a € U ^ V 

X X 

and  b e Uy  ^ V^,  ab  ba.  Tliis  contradicts  the  commuta- 
tivity of  A. 

^.eorem  2.9.  If  S is  regular,  then  E is  closed. 

Proof . Suppose  there  is  an  element  x in  E*  - E, 

2 

i.e.,  X € E*  and  x/x  . Since  S is  regular,  there  exist 
open  subsets  U and  V of  S such  that  x e U,  x^  C V, 
and  uHv  = □.  since  x^  C V,  by  Theorem  2.1,  there  exist 
open  subsets  and  of  S such  that  x e H V2  and 

^-^2  ^ Therefore  V^V2  ^ U = □.  Let  W = V^_  ^ ^ U. 

Then  x p W = and  W = □.  Since  x e E*,  VJ  E = □, 

i.e.,  there  is  an  element  e in  w such  that  eee^.  Then 
e e W ^ jL  n,  v/hich  is  a contradiction. 
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2 • Induced  Semigroup 

Ilieorem  2.10.  Suppose  S is  compact.  Define  a 
multiplication  • in  2^  via 

(a)  A • B = AB 

for  A_,  Be  2 . Then  (2^,  •)  becomes  a compact  topological 
semigroup.  This  new  semigroup  will  be  called  the  induced 
semigroup  of  S. 

Pro^.  Let  A,  B,  and  C be  elements  of  2^.  If 
xe  (AB)C,  tlien  there  is  an  element  y in  AB  and  an 
element  c in  C such  that  xeyc.  Since  yeAB,  there 
is  an  element  a in  A and  an  element  b in  B such  that 

yeab.  Then  x e yc  C (ab)  c = a (be)  C A (BC)  , and  (AB)cC 
A(BC).  Similarly,  (AB)cDa(BC)  holds. 

Now  let  (A,  B)  e 2 )(  2^.  Since  S is  compact, 

Aob  is  a compact  subset  of  2®  and  hence  AB  e 2^  by  using 

Lemma  2.6.  If  u is  an  open  subset  of  S such  that 

A-BeL(U),  then  AB  C U.  By  Theorem  2.1,  there  are  open 
subsets  and  of  S such  that  aC  W^,  B C W2  ^ 

and  Wj^W2  C U.  Then  A e L(W^)  and  B e L(W2)  • 
and  FeL(W2).  Then  E C and  F C W2  and 
EF  C C U.  Therefore  L(W^)  • L(W2)  C L (U)  . 


Let  E6L(Wj^) 
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be  an  open  subset  of  S such  that  A - B€M(V).  Then 

AB  V ^ Let  a e A and  b e B such  that  ab  ^ V 

By  using  Corollary  1.5,  there  exist  open  subsets  and 

of  S such  that  a e and  xy  ^ V 7^  □ 

for  each  x e W3  and  yeW^.  Therefore,  AeM(W2)  and 

BeM(W^).  If  G£M(W^)  and  if  HeM(W^),  then  G W3  7^ 

□ 7^  H W^.  Let  c e G W3  and  let  d e H W^.  Since 

cd  n V 7^  □,  GH  n V 7^  □.  Hence  M (W  ) • M (W  ) C M (V)  , and 

j 4 

therefore  the  multiplication  (a)  is  continuous.  Since  S 
is  compact  and  Hausdorff,  by  Lemma  1.1,  2^  is  compact  and 

Hausdorff  and  hence  2 is  a compact  topological  semigroup. 

Example  2.11.  if  x is  a compact  space,  then 

X . 

( } y)  IS  a topological  semilattice  under  the  multiplication 

(a)  AV  B = A B 

^ X 

for  A,  B e 2 . 

Proof.  It  may  be  observed  that  the  operation  (8 ) 
is  the  topological  semigroup  multiplication  which  is  induced 
by  i_he  multi— mob  multiplication  (1)  in  Examples  1.7. 

Corollary  2.12.  If  s is  compact,  then  there  is  a 
closed  subset  A of  S such  that  A^  = A. 
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3 . Ideals 

Definition  '2.13.  A nonvoid  subset  A of  S is 
said  to  be  a left  (right,  two-sided)  ideal  of  S if  and 
only  if  SA  Ca  (AS  C A,  AS  ^ SA  C A)  . 

The  proofe  of  the  following  two  theorems  are  routine, 
and  will  be  omitted. 

Theorem  2.14.  Let  A C S and  let  {A  | X e A } 
be  a family  of  subsets  of  S.  Then 

A(^{aJ  \G  A})  =U(  aaJ  xe  A},  A(H{aJ  Xe  A})  c 

AA^  I X e A ). 

Theorem  2.15. 

(1)  The  intersection  (if  it  is  nonvoid)  of  any  collection 

(right,  two-sided)  ideals  of  S is  again 

a left  (right,  two-sided)  ideal  of  S. 

(2)  The  closure  of  a left  (right,  two-sided)  ideal  is 

again  a left  (right,  two-sided)  ideal  of  S. 

Theorem  2.16.  If  s is  compact,  then  each  left 
(right,  tv/o-sided)  ideal  of  S contains  a minimal  left 
(right,  two-sided)  ideal  which  is  closed. 

Proof . Let  L be  a left  ideal  of  S and  let  £ 
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be  the  collection  of  all  closed  left  ideals  of  S which 

are  contained  in  L.  If  aeL,  then  Sa  C SL  C L and 

S (Sa)  = (SS)aC  Sa.  It  follows  that  Sa  is  a left  ideal 

of  S contained  in  L.  Since  S is  compact ^ by  Lemma 

2.6,  Sa  is  closed  in  S and  it  belongs  to  £.  Therefore, 

Z is  nonvoid.  Z is  partially  ordered  by  set  inclusion. 

Let  £ be  a chain  in  £.  Since  Z is  a collection  of 

o 

closed  subsets  of  the  compact  space  S with  finite  inter- 
section property,  ^ By  Theorem  2.15,  . 

Therefore  every  chain  in  Z is  lower  bounded.  By  Zorn's 
lemma,  there  is  a minimal  element  L^  in  Z.  Now  let 

L be  a left  ideal  of  S which  is  contained  in  L and 

^ o 

let  beLj^.  Then  Sb  is  a closed  left  ideal  of  S and 
Sb  C L I.Q.  Hence  Lj^  = L^,  i.e.,  L^  is  a minimal 
left  ideal  of  S and  is  closed.  Similar  arguments  hold 
for  right  and  two-sided  ideals. 

Theorem  2.17.  The  minimal  ideal  of  S is  unique. 

Proof.  Let  and  be  minimal  ideals  of  S. 

Then  is  an  ideal  of  S since  □ ^ C H . 

Since  K and  K are  minimal , K = K K = K 

^ 112  2’ 


Throughout,  K will  denote  the  minimal  ideal  of  S. 
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Theorem  2.18.  Let  £(5?)  denote  the  collection  of 
all  minimal  left  (right)  ideals  of  S. 

(1)  If  I f-  □ (£  f □)  ^ then  S has  the  minimal  ideal 

K. 

(2)  L , L e £ and  L -f  □ imply  L.  = L„ . 

L ^ 1 z 12 

^1^  ^2  ^ ^ ^^1  ^ ^2  ^ ^ imply  . 

(3)  C K and  Ua  C K. 

Proof.  (1)  . Let  L e j!  and  let  I be  an  ideal 
of  S,  then  S(IL)  = (SI)lC  IL  and  hence  IL  is  a left 
ideal  of  S.  Since  IL  SL  CZ  L e IL  = L.  Thereforej 

L = IL  C IS  C 1,  i.e.,  all  minimal  left  ideals  are 

contained  in  each  ideal  of  S.  Hence  ^ ^ C ZZ  { i | 

IS  SI  C l]  = K.  (2)  and  (3)  are  clear. 

Remarks . Suppose  S is  a topological  semigroup. 

Then  the  minimal  ideal  of  S is  the  union  of  all  minimal 

left  (right)  ideals  of  S.  Moreover^  Wallace  [22]  proved 
that  the  minimal  ideal  of  a topological  semigroup  S is  a 
retract  of  S.  The  following  examples  show  that  these  are 
not  true  if  S is  a multi-mob. 

Examples  2.19. 

(1).  Let  S be  the  multi-mob  (5)  in  Example  1.7,  i.e., 
S = [a^  b]  and  xy  = [a^  y]  for  each  x and  y in  S. 
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In  this  mul'ci  mob  fa}  is  the  only  minimal  left 

ideal  of  S.  On  the  other  hand,  the  only  minimal  right 
ideal  of  S is  S itself.  Therefore,  = [a]  K = S . 

(2).  In  Example  1.9,  the  annulus  B is  the  minimal 
ideal  of  the  multi-mob  D.  However,  it  is  clear  that  B 
is  not  a retract  of  D. 

Let  X be  a space  and  let  3 be  a 
connected  subset  of  2^.  If  there  is  an  element  Be  9 

such  that  B is  connected  in  X,  then  U jg  is  connected 
in  X [12]. 

Proof.  Let  y = . Suppose  Y is  not  connected 

in  X.  Then  there  are  two  disjoint  open  subsets  U and 
V of  X such  that  yCu^V,  uny^D^vnY.  Since 
B is  connected  in  X,  B C U or  B C V.  If  B C U,  then 
BeL(U)ni8^n.  Since  Y H v ^ □,  M(V)ni8=^a.  since 

^ V,  >8  C L (U)  M (V)  . Since  U V = □,  L (Uj  M (V) 

= Therefore  9 is  not  connected  in  2^,  which  is  a 
contradiction. 

By  routine  arguments,  one  may  obtain 

^eorem_^_^l . Let  L(R,  K)  be  a minimal  left 
(right,  two-sided)  ideal  of  S.  Then  L = Sa(R  = aS,  K = SaS) 
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for  each  aeL(aeR,  a e K)  . 

By  the  aid  of  Lemma  2.20  and  Theorem  2.21,  we  have 
the  following: 

Theorem  2.22.  Let  S be  connected  and  let  L(R,  K) 
be  a minimal  left  (right,  two-sided)  ideal  of  S.  Then 

(1)  If  sa  is  connected  for  some  s e S and  a e L, 

then  L is  connected. 

(2)  If  as  is  connected  for  some  aeR  and  ssS, 

then  R is  connected. 

(3)  If  sa  is  connected  for  some  s e S and  a e K 

and  if  rt  is  connected  for  some  r e Sa  and 
te  S,  then  K is  connected. 

Corollary  2.23.  If  s is  connected,  then  each 
minimal  left  (right,  two-sided)  ideal  is  connected  when  it 
contains  a right  (left,  two-sided)  scalar  element. 

Remarks . If  s is  a connected  topological 
semigroup,  then  it  is  known  that  each  minimal  left  (right, 
two-sided)  ideal  of  S is  connected.  However,  if  s is 
a multi-mob,  S may  not  have  this  property.  Let  X be 
any  connected  space  with  more  than  tv/o  elements.  Let  a 
and  b be  two  fixed  elements  of  X and  define  xy  = [a,  b] 
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for  eacn  (x,  y)  in  X )(  X.  Then  X.  is  a connected 
multi -mob  with  its  minimal  ideal  {a,  b}.  But  [a,  b} 
is  not  connected. 

Theorejn  2 . 24 . If  S is  connected  and  if  S has 
a scalar  unitj  then  each  ideal  of  S is  connected. 

Let  J be  an  ideal  of  S.  Since  S has 
a scalar  unit^  xe  Sx  and  Sx  is  connected  for  each  X£  S. 

Since  J = '^[x|  xeJ  }C'^[  Sx  | x e j } and  since 

Sx  C SJ  C J for  each  xeJ,  J=^[Sx|xej}.  Let 

Yo  € J,  then  y^S  C J and  hence  J =:  (^  { Sx  | x e j })  U y^s . 

Since  y^S  is  connected  and  since  y^x  C Sx  y^S  for 
each  X e Jj  j is  connected. 

Definition  2.25.  For  each  subset  A of  S^ 


J 

o 

(A) 

will 

denote  the 

union  of  all  ideals  of 

S contained 

in 

A. 

If 

A 

contains 

no  ideal  of  S,  then 

Jq(A)  = □. 

If 

J 

o 

(A) 

is 

nonvoid. 

then  it  is  clearly  the 

unique  largest 

ideal  of  S contained  in  A.  (A)  and  L^ (A)  are 
defined  analogously. 

Theorem  2.26.  Let  A be  a subset  of  S. 

(1)  If  A is  closed,  then  (A)  , L^  (A)  , and  (A) 


are  closed. 
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(2)  If  A is  open  and  if  S is  compact ^ then  J (A) 

o ^ 

^o  (■^)  j and  (A)  are  open. 

Proof^.  (1).  Since  Jq  (A)  is  an  ideal  of  S,  by 
using  Theorem  2.15,  (A) * is  an  ideal  of  S.  Since 

Jo (A)  is  contained  in  the  closed  set  A,  (A) * C A and 
Jq (A) * C (A) , Therefore  j^ (A) * = j^ (A) , i.e.,  J^ (A) 

is  closed. 


(2).  If  xe  J (A),  then  Sx  C SJ.  (A)  C J (A)  C A. 

u ^ O 


Since  S is  compact  and  A 

is 

open. 

by  using  Theorem  2 

•1. 

there  exists  an  open  subset 

U 

of  S 

such  that 

X e U 

and 

SU  C A.  Again,  since  xS  C 

A. 

there 

is  an  open 

subset 

V 

of  S such  that  x e V and 

VS  C A. 

Now,  since 

S xS  C 

A. 

there  is  an  open  subset  W 

of 

S such  that  x e 

W and 

SWS  C A.  Let  M = unyH^HA.  Then  M is  an  open 


subset  of  S about  x.  By  Theorem  2.14,  M ^ MS  SM  SMS 

is  an  ideal  of  S.  Since  M MS  ^ SM  SMS  C A VS  ^ SU 

^ SWS  C A,  M ^ MS  ^ SM  U SMS  C J^  (A)  . Therefore,  J^  (A)  is 

open.  Similar  arguments  hold  for  L (A)  and  for  R (A) 

o o 

em  2.27.  Suppose  S is  compact.  Then 
(1)  Each  proper  ideal  of  S is  contained  in  a maximal 
proper  ideal  of  S and  each  maximal  proper  ideal 


is  open. 
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(2)  If  S is  connected^  then  each  maximal  proper 
ideal  of  S is  dense  in  S. 

Proof.  (1) . Let  J be  a proper  ideal  of  S and  let 

ae  S - J.  Since  S is  compact  and  S - [a]  is  open,  by- 

using  Theorem  2.26,  J^(S  - {a})  is  a proper  open  ideal  of 

S containing  J.  Therefore  it  is  sufficient  to  consider 

only  open  proper  ideals.  Let  9 be  the  set  of  all  proper 

open  ideals  of  S containing  J.  Then  is  nonvoid. 

3 is  partially  ordered  by  set  inclusion.  Since  Jq (S  - {a}) 

G 3 , by  the  Hausdorff  Maximal  Principle,  there  exists  a 

maximal  chain  c in  g containing  Jq(S  - [a]).  Let 

M = . Then  M is  a maximal  open  ideal  of  S containing 

J.  If  M is  not  proper,  i.e.,  M = S,  then,  c is  an 

open  cover  of  S.  Since  S is  compact,  there  exist 

Mn  , . . . ,M  G C such  that  M-.  C M„  C . . . C M and  S C M.  I 

n J-  z n J 

j = 1,  . . . ,n  } , and  hence  S = M^  -^v^hich  contradicts  the 
fact  that  is  a proper  ideal  of  S.  Therefore  M is 

a maximal  proper  open  ideal  of  S containing  J. 

(2) . Let  J be  a maximal  proper  ideal  of  S.  Then  J 
is  open.  Since  S is  connected,  J J*.  Since  J*  is 
also  an  ideal  of  S containing  J,  J*  = S. 


Definition  2.28.  A multi-clan  is  a continuum 
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multi-raob  with  a scalar  unit. 

Theorem  2.29.  Each  dense  left  (right)  ideal  of  a 
multi-clan  containing  K is  connected^  and  hence  each  dense 
ideal  of  a multi-clan  is  connected. 

Proof . Let  L be  a dense  left  ideal  of  the 
multi-clan  S containing  K.  Then  s = = SL*  C (SL) * 

C L*  = S and  hence  (SL) * = S.  Since  SL  = S (L K)  = 

SL  SK  = SL  K,  SL  = (*^  { Sx  | x e K } ) K.  By  Theorem 

2.22^  K and  Sx  are  connected  for  each  xe  L.  By  using 
Theorem  2.16  and  Theorem  2.18,  K Sx  for  each  x e L, 

and  SL  is  connected.  But  then  SL  C L C S = (SL) * 
implies  the  connectedness  of  L. 

Theorem  2.30.  Suppose  S is  compact.  Let 
L (R,  J)  be  a left  (right,  two-sided)  ideal  of  the  induced 
semigroup  (2  , •)  of  S.  Then  L = ^L  (R  = ^R,  j = Uj) 
is  a left  (right,  two-sided)  ideal  of  S. 

Proof.  Since  L is  a left  ideal  of  2^,  2®  • L C L. 

It  follows  that  '^[S-a|AgL}C'^2^-lC  '^L  = L.  By 
using  Theorem  2.14,  ^{S-A|A£L}=^{SAjAeL]=S  (^^L) 

= SL.  Therefore,  SL  C L,  and  L is  a left  ideal  of  S. 
Similar  arguments  hold  for  R and  for  J. 
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Theorem  2.31.  Suppose  S is  compact.  Let  L(R^  J) 

be  a closed  left  (right,  two-sided)  ideal  of  S.  Then  2^ 

R J 

(2,2)  is  a closed  left  (right,  two-sided)  ideal  of  the 

, C 

induced  semigroup  (2  , •)  of  S. 

Proof.  Since  L is  closed,  2^  C 2^.  if  Ag  2^ 
and  B e 2^^,  then  AB  C SL  C L.  Therefore,  2®-  2^  C 2^ 
since  AB  is  closed  for  each  A e 2^  and  each  Be  2^.  On 
account  of  2^  = L (L) , 2^  is  a closed  left  ideal  of  2^. 

Theorem  2.32.  Suppose  S is  compact.  Let  K be 

the  minimal  ideal  of  the  induced  semigroup  (2^,  • ) of 
S.  Then  K = '^K. 

Proof.  In  view  of  Theorem  2.30,  K is  a closed 
ideal  of  S.  If  K'  is  the  minimal  ideal  of  S,  then  K' 
is  closed  and  K'  C K since  K'  is  unique.  By  using 

' g 

Theorem  2.31,  2 is  a closed  ideal  of  2 . Again  by  the 

uniqueness  of  K,  K C 2^  . Therefore  K ='-^kC'^2^'  = K'. 
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4 . Homomor phi sms 

Definition  2.33.  Let  S and  T be  multi-mobs  and 

let  f:  S — T be  a function.  Then  f is  called  a 

homomorphism  if  and  only  if  f(xy)  = f(x)f(y)  holds  for  all 
Xj  y e S.  f is  said  to  be  an  isomorphism  if  and  only  if  it 
is  a bij active  homomorphism.  f is  called  an  iseomorphism 
if  and  only  if  it  is  both  a homeomorphism  and  an  isomorphism. 
A continuous  homomorphism  will  be  called  a morphism . 

jlhpprem  2.34.  Suppose  S and  T are  multi— mobs 

and  let  A,  A’  C S,  B,  B'  C T,  and  f:  S ^>T  be  a 

morphism. 

(1)  f(AA')  = f(A)f  (A')  . 

(2)  f ^ (B) f ^ (B ' ) C f ^{BB')  and  equality  need  not  hold 


even 

if  f is  onto. 

If  A 

is  a submob  of 

then 

f (A)  is  a submob 

of  T 

• 

If  B 

is  a submob  of  T, 

then 

f ^(B)  is  a submob 

of  S 

if  it  is  nonvoid. 

If  A 

is  an  ideal  of  S 

and  if 

f is  onto,  then 

f (A) 

is  an  ideal  of  T. 

If  B 

is  an  ideal  of  T 

and  if 

(B)  is  nonvoid. 

then 

f "(B)  is  an  ideal 

of  S . 
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If  f (B)  is  an  ideal  of  S and  if  f is  onto^ 
then  B is  an  ideal  of  T. 

(5)  If  f is  onto  and  K(S),  the  minimail  ideal  of  S, 
exists,  then  f(K(S))  = K(T),  the  minimal  ideal  of 

T. 

(6)  Let  E(S)  and  E (T)  be  the  set  of  all  multi- 
idempotents  of  S and  T respectively.  Then 
f (E  (S)  ) C E (T)  . 

Proof.  (1).  f(AA')  = f('--^{aa'  [ a e A,  a'  eA'  ))  = 
f(a)f(a')  I aeA,  a'  eA'  ] = f(A)f(A'). 

(2) .  By  using  (1),  f (f“^  (B)  f"^  (B  ' ) ) = fi“^  (B)  f f~^  (B  ' ) 

C BB',  and  f"^(B)f“^(B')  C f~^(BB')  . 

(3) .  It  is  clear  from  (1)  . 

(4) .  Tf(A)  = f(S)f(A)  = f(SA)  C f(A)  and  f (A)  T C f (A)  . 

TB  C B and  BT  C B imply  Sf~^(B)  = (T)  f~^  (B)  C f~^  (TB) 

C f"l(B)  and  f~^(B)sC  f~^  (B)  . TB  = f(S)ff“^(B)  = 
f(Sf"l(B))  C ff"^(B)  C B and  BT  C B. 

(5) .  By  using  (4),  f(K(S))  is  an  ideal  of  T. 

Suppose  f(K(S))  ^ K(T),  i.e.,  there  is  an  ideal  M of 

T such  that  M f(K(S)).  Since  f is  onto,  f f~^  (M)  = 
mC  f(K(S))  and  hence  f"^  (M)  K(S),  which  is  a contra- 

diction. 

(6)  . If  a e f (E  (S)  ) , then  a = f (e)  for  some  e e E (S)  . 
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Since  eee^  a — f(e)  — f(e^)  and  a = f(e)  e f(e^). 
Therefore,  aea^,  i.e.,  f (E  (S)  ) C E (T)  . 

Theorem  2,35.  Let  S and  T be  compact  multi-mobs 

and  let  f:  S >T  be  a m.orphism.  Then  f*:  2^ > 2^ , 

via  f * (A)  = f(A),  is  a morphism. 

Proo^.  Let  A,  B e 2®.  By  using  (1)  in  Theorem 

2.34,  f*(AB)  = f(AB)  = f(A)f(B)  f*  (A)  f * (B)  , i.e.,  f* 

is  s.  homoino  IT  phi  sm . It  v/ill  Idg  shown  thnt  is  continuous. 

Let  V be  an  open  subset  of  T such  that  f * (A)  e 

L(V).  Then  f (A)  C V and  hence  f (a)  eV  for  each  a e A. 

Since  f is  continuous,  there  is  an  open  subset  U of  S 

a 

such  that  a e U and  f (U  ) C V for  each  a e A.  Let 

u a 

U=U[Ua|aeA}.  Then  U is  open  in  S and  A e L (U)  . 

If  BeL(U),  then  bC  U and  f*  (B)  = f (B)  C f (U)  = 
f (U^)  I a e A } C V,  i.e.,  f*(B)eL(V).  Therefore, 

f * (L  (U)  ) C L (V)  . 

Now  let  W be  an  open  subset  of  T such  that 
f*  (A)  e M (W)  , i.e.,  f (A)  ^ W □.  Let  a g A such  that 
f(a)  e W.  Since  f is  continuous,  there  is  an  open  subset 
U'  of  S such  that  aeU'  and  f(U')  C W.  Since 
aeAHu'^n^  AeM(U’).  Let  C e M (U ' ) . Then  C^u' 
and  hence  there  is  an  element  beC  such  that  f(b)  g W. 
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Therefore,  f (C)  H w ^ i.e.,  f * (M  (U ' ) ) C M (W)  , so 

that  f*  is  continuous. 

Definition  2.36. 

(1)  £ C S X S is  called  a multi  -congruence  on  S if 

and  only  if  it  is  an  equivalence  relation  and,  for 
each  (x,  y) , (x',  y')  e £,  the  following  hold: 

M(xx')  S/3  = M(yy')  S/£  . 

(2)  If  f:  X >Y,  then  the  kernel  of  f is 

defined  to  be  the  set 

Ker  f = { (x,  y)  € X X X I f (x)  = f (y)  } . 

Let  £ be  an  equivalence  relation  on  the  space  X. 

Let  £(x)  = p ( (X  X [^})  ^ ^ where  p is  the  first 

projection.  Then  { £{x)  | xeX]  is  a disjointed  cover  of 

X and  X/£  = { £(x)  | x e X } . If  x is  compact  and  £ is 

X 

closed,  then  X/£  C 2 since  the  projection  p is  closed. 
It  is  well  known  that  X/£  is  a compact  Hausdorff  space  [6] 
under  the  quotient  topology  if  X is  compact  and  £ is 
closed.  Since  X/£  is  a subset  of  2^  when  X compact 
and  £ closed,  it  is  natural  to  observe  that  the  relation 
between  the  quotient  topology  on  X/£  and  the  relative 
topology  on  X/£  induced  by  the  Vietoris  topology  of  2^. 
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Theorem  2.37.  If  £ is  a closed  equivalence 

relation  on  the  compact  space  X and  if  X/£  is  a closed 

subset  of  2 , then  the  quotient  topology  on  X/£  is 

equivalent  to  the  relative  topology  induced  on  X/£  by  the 

X 

Vietoris  topology  of  2 . 

Proof.  Let  be  a closed  subset  of  X/£  relative 
to  the  quotient  topology  of  X/£ . Then  G = is  closed 

in  X and  hence  L(G)  is  closed  in  2^.  Therefore,  is 

closed  in  X/S  with  respect  to  the  relative  topology  of  the 
vietoris  topology  of  2 . 


Now  let  M be  a closed  subset  of  X/fi  with 


respect 

to 

the 

relative  topology  of  2^. 

Since 

X/£  is 

closed 

in 

X 

9 

is  compact  in  2 , and 

H = 

is 

closed 

in 

X. 

Therefore,  M is  closed  in 

X/£ 

with 

respect 

to 

the 

quotient  topology  of  X/£ . 

Theorem  2.38.  Let  S be  compact  and  let  £ be 


a closed  equivalence  relation 

on 

S 

such  that  S/£  is 

c c 

closed  in  2 . Let  a:  2^ 

-> 

be  a function  defined 

by  a (A)  = M(A)  Then 

a 

is 

continuous . 

Proof.  Let  B C S/£.  It  will  be  shown  that 
{ A £ 2^  I a (A)  ^ □ } = M ) . If  A g 2 such  that 

Q (A)  a 7^  □,  then  A B 7^  D for  some  B in  S,  and 
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Therefore j AeM('--^).  Conversely,  if  A 
is  an  element  of  M('^3)  , then  A ('^S)  ^ □.  It  follows 
that  B e M(A)  for  some  B e ?3.  This  completes  the  proof 
of  the  above  assertion.  Now  by  using  Theorem  2.37,  3 
is  open  (closed)  in  S/fi  if  and  only  if  ^^3  is  open 
(closed)  in  S.  Therefore,  M(^3)  is  open  (closed)  in 
2 if  ^3  is  open  (closed)  in  S.  By  using  Lemma  1.3, 
a is  continuous. 

Lemma  2.39.  Let  f:  X >Y  and  g:  X Z 

be  continuous  with  Ker  g G Ker  f . Suppose  that  g is 
onto  and  that  V is  open  if  and  only  if  g ^ (v)  is  open 
in  X.  Then  there  exists  a unique  continuous  function  h 
making  the  following  diagram  analytic. 


g 


X 


Y 


Z 


h 


Corollary  2.40.  Suppose  f:  X Y is  continuous. 

Let  e be  an  equivalence  relation  on  X and  let  q be  the 
quotient  map  from  X onto  X/g.  If  Ker  q C Kerf,  then 
there  exists  a unique  continuous  function  h making  the 
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following  diagram  analytic. 


q 

7 

X/£ 


Corollary  2.41.  (Sierpinski) . Suppose  f : X > Y 

and  g:  X ->  Z are  continuous  with  Ker  g C Kerf.  If 

g is  onto  and  if  X is  compact^  then  there  exists  a unique 
continuous  function  h making  the  diagram  in  Lemma  2.39 
analytic.  Furthermore,  if  f is  onto  and  Ker g = Kerf 
then  h is  a homeomorphism.  If  f and  g are  homomor- 
phisms  of  multi-mobs,  then  h is  also. 


Theorem  2.42.  Suppose  S is  compact.  If  g is 

a closed  multi-congruence  on  S such  that  S/S  is  closed 

s 

2 3 then  there  exists  a unique  continuous  function  0 
making  the  following  diagram  analytic,  where  q is  the 
quotient  map  and  m is  the  multi— mob  multiplication  on  S. 


s X s 


m 


qXq 

\' 

s/e  X s/e 


a 


9 


V 

2s/e 
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Proof . Let  \ = am.  Then  \ is  continuous  by 
Theorem  2.38.  By  the  aid  of  Corollary  2.41,  it  is  only 
required  to  shov/  that  Ker  (qXq)  C Ker  X . Now  let 
( (x,  y),(x',  y ' ) ) G Ker  (qXq)  . Then  q(x)  =q(x')  and 
q (Y)  = q (i'' ' ) , i.e.,  (x,  x'),  (y,  y')  e Ker  q = £.  Since 

£ is  a multi-congruence  on  S,  M(xy)  S/£  = M(x'y') 

^ S/£  , i.e.,  ara(x,  y)  =am(x',  y’).  It  follows  that 

X (x,  y)  = x(x'  , y ' ) , i.e.  , Ker  (qXq)  C Ker  x. 

Theorem  2.43.  Suppose  S is  compact.  If  £ is 

a multi-congruence  on  S such  that  S/£  is  closed  in 
S 

2 , then  (S/£ , A)  is  a multi-mob,  via  q (x)  A q(y)  = 

M(xy)  S/e , and  the  quotient  map  q is  a morphism. 

Proof.  For  the  proof  of  the  first  part,  it  is 
only  required  to  show  that  the  operation  A is  associa- 
tive. If  u,  vgS,  then  q(u)Aq(v)  =M(uv)  ^ s/e 
= { q(w)  I w e uv  } . If  x,  y,  zeS,  then  (q(x)Aq(y)) 
Aq(z)  = '^{q(a)Aq(z)  |ae  xy  }.  Claim:  (q(x)  Aq(y))  Aq(z) 

= { q (c)  I c £ xyz  } . 

If  a e xy,  then  q(a)Aq(z)  = (q(b)  | b e az  } 

C { q(c)  I c £ xyz  ] . Therefore,  (q(x)  a q(y)  ) A q(z)  C 
{ q (c)  I c € xyz  } . 

If  c € xyz,  then  c £ az  for  some  a £ xy,  i.e.. 


39 


q(c)  € q(a)  A q(z)  for  some  a € xy.  It  follows  that 
q(c)  e^{  q(a)  A q(z)  | a e xy  } = (g (x)  a q (y)  ) A q (z)  , i.e.  , 

{ q (c)  I c € xyz  }G  (q(x)Aq(y))Aq(z).  Now  the  associativ- 
ity is  clear. 

Then,  since  (S/g,  a)  is  a multi-mob,  the  homo- 
morphism between  S and  S/£  may  be  considered.  If 
X,  y e S,  then  q(xy)  = { q(b)  | b e xy  } = q(x)  a q(y>  and 
hence  q is  a morphism. 

Theorem  2,44.  Let  S and  T be  multi-mobs.  If 
f:  S T is  a morphism,  then  Kerf  is  a closed  multi- 

congruence on  S. 

Proof.  Since  Ker f = (fX  f)"^(A),  where  a 
is  the  diagonal  relation  on  T,  Ker  f is  a closed 
equivalence  relation  on  S.  If  (x,  y) , (x',  y')  e Kerf, 

then  f(x)  = f(y)  and  f(x')  = f(y').  Since  f is  a 
homomorphism,  f(xx')  = f(yy').  Now  let  AeM(xx')  ^ 
S/Kerf.  Since  AeM(xx'),  there  is  an  element  t in 

A XX ' . Then  f (t)  e f (xx  ' ) , and  f(t)  = f(s)  for  some 
seyy',  i.e.,  (t,  s)  e Ker  f . Since  teAe  S/Kerf, 

it  follows  that  seAHyy'  ^ Therefore,  AeM(yy')  H 

S/Ker  f , i . e . , 


xM  (xx  ' ) S/Ker  f C M (yy  ' ) H s/Ker  f . 
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Similarly  the  other  inclusion  could  be  shoT.im. 

Theorem  2.45.  Let  S and  T be  multi-mobs.  If 

f:  S >T  is  an  onto  morphism  such  that  S/Kerf  is 

S 

closed  in  2 , then  there  is  a unique  iseomorphism  f: 
S/Kerf >T  making  the  following  diagram  analytic. 


S/Ker  f 


Proof.  This  is  an  immediate  consequence  of  the 
above  two  theorems  and  Sierpinski's  Lemma  (Corollary  2.41). 

Theorem  2.46.  Suppose  S is  compact  and  let  J be 
a closed  ideal  of  S.  Then 

(1)  £ = J X J ^ ^ is  a closed  multi-congruence  on  S. 

(2)  If  S/e  is  closed  in  2^,  then  (S/e,  A)  is  a 
multi-mob  having  j as  a zero. 

Proof . (1) . Clearly  £ is  a closed  equivalence 

relation  on  S.  Let  (x,  y) , (x',  y')  e£  and  let 

AeM(xx')  n s/£.  Since  AeM(xx')^ 


there  is  an  element 
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t in  A XX  ' . 

If  y)  . (x',  y')£A,  then  A e M (i^ ' ) . 

If  (x,  y)ej)(j  or  (x'^y')eJ)(jj  then  in 
either  case,  xx ' , yy ' C J since  J is  an  ideal  of  S. 
Since  texx',  (t,  z)  e j X J for  all  z e yy' . Again 
since  teAeS/£,  yy  ' C A and  A e M (yy  ' ) H s/£  . 
Therefore,  M(xx')  ^ g/g  C M (yy  ' ) ^ S/e  • The  other 
containment  is  obtained  in  a similar  way. 

(2).  If  xeJ,  yeS,  then  q(x)  = J and  xy  C J. 
Hence,  q(x)  a q(y)  = [ q(a)  | a e xy  } = j = q(y)  ^ q(x)  . 

We  shall  write  S/ [J]  rather  than  S/(J  X J)  A 
and  S/ [ J]  will  be  called  the  Rees  quotient  of  S. 


CHAPTER  III 


MULTI -MOBS  ON  AN  INTERVAL 

Tlie  purpose  of  this  chapter  is  to  investigate  some 
properties  of  multi-mobs  on  a real  closed  interval. 

Throughout  this  chapter,  I will  denote  the  real  closed 
interval  from  a to  b and  a semigroup  will  always  mean 
a topological  semigroup. 

In  chapter  I,  it  v/as  shown  that  a multi-mob  has  a 
scalar  idempotent  whenever  it  has  a scalar  element.  It 
seems  that,  as  far  as  multi-mobs  are  concerned,  the  role 
of  idempotents  is  important.  In  [17],  W.  L.  Strother 
has  proven  that  I has  the  fixed  point  property  for 
multi-valued  functions,  i.e.,  there  is  a point  p in  I 

such  that  p€  f(p)  for  any  continuous  function  f:  I ^>2^. 

Since  the  function  f:  I ^2^,  via  f (x)  = x^,  is 

continuous  whenever  I is  a multi-mob,  one  may  obtain 

Theorem  3.1.  If  i is  a multi-mob,  then  I has 
a multi-idempotent.  (see  also  [11]  and  [25]) 
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1.  Standard  Multi -Mob 

The  following  theorem,  for  a semigroup,  is  due  to 
A.D.  Wallace  and  J.  M.  Day  and  appears  in  [2],  [3J,  and  [4]. 

By  using  Theorem  2,3,  the  same  theorem  holds  for  a 
multi— mob.  Because  of  the  importance  and  frequent  use  of 
this  theorem,  the  proof  will  be  presented  here  in  spite 
of  its  similarities. 

Theorem  3.2.  Suppose  S is  a continuum  multi-mob. 

If  H is  a subset  of  S with  nonempty  boundary  F (H) 
and  if  H*  contains  a point  a such  that  Sa  C H*,  then 
Sb  C H*  for  some  b in  F (H)  . 

• By  the  hypothesis  of  this  theorem, 

H*  n s ^ is  nonvoid  since  it  contains  a.  Let  G 

be  a component  of  Then  G SG  C H*  and, 

therefore,  G*  ^ SG*  C G*  (SG)  * = (G  ^ SG)  * C H*.  If 
(G*  ^ SG*)  F (H)  = □ , then  G*  SG*  C H°,  i . e . , 

G*  C K S ^ C H*  S^  ^^H*.  It  follows  that  G*  = G, 

and  G is  a component  of  the  proper  open  subset 
H°  n s ^ Therefore,  one  may  obtain  that  G*  [ (K° 

S^"^^H°)*  - (H°  n (see  [21]).  This  is  a 

contradiction.  Hence  there  is  a point  b in  (G*  SG*) 

^ F(H)  . Then  Sb  C S (G*  SG*)  = SG*  S^G*  C SG*  C H*. 
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As  an  iminediate  application  to  this  theorem  and 
Lemma  2.20,  we  have 

Corollary  3.3.  Suppose  I is  a multi-mob  in  which 
a is  a zero. 

(1)  [a,  x]  is  an  idea]  of  I for  each  x in  I. 

(2)  If  I has  a unit,  then  Ix  = [a,  x]  = xl  for  each 
X in  I . 

(3)  If  e is  a multi-idempotent  of  I,  then 
le  = [a,  e]  = el. 

Lemma  3.4.  If  f (g)  : 2^ >I  is  a function 

defined  by  f(A)  = inf  A (g(A)  = sup  A),  then  f(g)  is 
continuous . 


Proof.  Let 

A € 2^  and 

let  U = (c. 

d). 

the  open 

interval  from  c 

to  d,  such 

that  f (A)  = 

X € U. 

Let 

V = (c,  b] . Then 

A C U V 

and  X 6 A V 

-f-  n 
r 

i.e.. 

Ae<U,  V>.  If  Be<U,  V>,  then  B C V and  B U □, 
and,  therefore,  c<f(B)<d,  i.e.,  f(B)eU.  It  follows 

that  f(<U,  V>)  C U,  and  f is  continuous.  Similarly, 
g is  continuous. 

For  a general  version  of  this  lemma,  one  might  look 


at  E.  Michael  [12], 
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Definition  3.5.  A inulti-raob  on  I v/ill  be  called 
a standard  multi -mob  if  and  only  if  a is  a zero  and  b 
is  a scalar  unit.  For  the  definition  of  a standard  thread 
in  semigroup  theory,  see  [1],  [14],  [16],  and  [20]. 

Lemma  3.6.  Suppose  I is  a multi-mob  in  which  a 

is  a zero.  If  e is  an  idempotent  of  I,  then  [a,  e] 

is  a standard  multi-mob.  In  particular,  I is  a standard 
multi-mob  if  b is  an  idempotent. 

Proof . Suppose  e is  an  idempotent  of  I.  For 
each  X in  [a,  e] , define  x'  = inf  (ex).  In  view  of 

(1)  in  Corollary  3.3,  (x')'^x'<x  for  each  x in  [a,  e] . 

By  the  definition  of  a multi— mob,  ex  is  a closed  subset 
of  I so  that  x'  € ex  for  each  x in  [a,  e] . Since  e 
is  an  idempotent,  ex  = e x = e (ex)  = ^[  ey  | y e ex  ] and, 
therefore,  ey  C ex  for  each  ye  ex.  It  follows  that 
ex  ■ C ex,  and  (x ' ) ' = inf  (ex')  s inf  (ex)  = x ' s (x  ' ) ' , 

i.e.,  (x')‘  =x'.  Now  define  a function  f;  [a,  e] > 

[a,  e] , via  f (x)  = x'.  Then  f is  continuous  by  using 
Lemma  3.4.  Moreover,  f^ (x)  = f(f(x))  = f (x ' ) = (x')‘  = 
x'  = f (x) , i.e.,  f = f and  f is  a retraction.  Since 

f(a)  = a'  = a and  f(e)  = e'  = e,  f is  an  onto  function. 
Hence  f (x)  = x,  i.e.,  ex  = x for  each  x in  [a,  e] . 
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Similarly,  xe  = x for  each  x in  [a,  e]  so  that  e is 
a scalar  unit  for  [a,  e] . By  using  (1)  in  Corollary  3.3, 
[a,  e]  is  a submob  of  I.  Consequently,  [a,  e]  is  a 
standard  multi-mob. 

Conventions . For  a multi-mob  on  I,  the  follov/ing 
notation  will  be  adopted  throughout  the  remainder  of  this 
chapter.  For  each  x and  each  y in  I,  denote 

X A y = inf  (xy)  , X V y :=  sup  (xy)  . 

Lemma  3.7.  Let  I be  a standard  multi-mob  and 
let  X,  y,  u,  vel  with  x<y  and  u ^ v.  Then 

X V u ^ y V V. 

Proo^.  Since  x^y,  xe  [a,  y]  = Sy  by  Corollary 
3.3.  Then  xu  C (Sy)  u = S (yu)  = [ St  j t £ yu  } = *^  [ [a,  t]  | 

t £ yu  } = [a,  yvu].  It  follov/s  that  xVu<yVu.  In  a 
similar  way,  y vu<  yVv  may  be  established.  Therefore, 
xvu^yvu<yvv. 

Theorem  3.8.  If  i is  a standard  multi-mob,  then 
(I,  v)  is  a standard  thread. 

Pro^f.  In  view  of  Lemma  3.4,  the  operation  V is 
continuous.  It  only  remains  to  show  the  associativity  of 
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the  multiplication  v.  Let  x,  y,  zel.  Since  xyyexy, 
(xVy)zC  (xy)  z = xyz^  i.e.^ 

(x  V y)  V z ^ sup  (xyz)  = sup  { tz  | t e xy  } ) sup  { t V z | 

t e xy  } . 

Since  t^xVy  for  every  t e xy,  by  using  Lemiria  3.7, 
tVz^  (xvy)  Vz  for  all  t in  xy.  It  follows  that 
(x  V y)  V z ^ sup  (xyz)  = sup  [tvz|t6xy}^(xvy)vz,  and 
(xvy)  V z = sup  (xyz)  . Similarly,  x v (y  V z)  = sup  (xyz)  , 
i . e . , (x  V y)  V z = sup  (xyz)  = x v (y  V z)  . 

Lemma  3.9.  Let  I be  a standard  multi-mob  such 
that  X A z ^ y A z for  all  x,  y,  zel  with  x < y and 


z ^ a.  Then 

X y 

implies 

X A 

Z y A z 

for  all  zel. 

Proof. 

Let 

u < V in 

I 

and  let 

A = { z e (a,  b]  1 

uAz<vAz}. 

Then 

A 7^  □ 

since  b e A. 

If  z e A,  then 
o ^ 

U A Z^  < V A z . 

o o 

Pick 

a point 

t 

so  that 

UAZQ<t<VAZ^. 

By  the  continuity  of  the  operation  a,  there  is  an  open 
set  W about  z^  such  that  (uAwjweWjC  [a,  t)  and 
{ V AW  1 w e W } C (t,  b]  , i.e.,  wCa.  Therefore,  A is 

an  open  subset  of  (a,  b] . By  the  hypothesis  of  this 
lemma,  (a,  b]  - A=  [ze(a,  b]  luAz>vAz).  In  a similar 
way,  it  can  be  also  shown  that  (a,  b]  - A is  open.  Then 
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A is  a proper  clopen  (closed  and  open)  subset  of  (a,  b] 


if 

(a. 

b]  - A is  nonvoid. 

This  is  a 

contradiction,  and 

A = 

(a. 

b]  . Therefore,  u^v 

implies 

u A w < V A w for 

all 

w 

in  I . 

Theorem  3.10.  Suppose 

I is  a 

standard  multi-mob 

such  that  xAz  ^ yAz  for  all  x,  y,  zel  v/ith  x<y 
and  z ^ a.  Then  (1^  A)  is  a standard  thread. 

Proof . In  view  of  Lemma  3.4,  the  operation  A is 
continuous.  Let  x,  y,  zel.  Since  xAygxy,  (xAy)z 
C (xy)  z = xyz.  Hence  (x  A y)  A z s inf  (xyz)  = inf  ('^  { tz  | 
t e xy  } ) = inf  { t A z | t e xy  } . Since  t s x a y for  every 
t e xy,  by  using  Lemma  3.9,  tAzs(xAy)Az  for  all  t 
in  xy.  It  follows  that  (xA  y)  A z s inf  (xyz)  = inf  [ t A z | 
t e xy  ) s (x  A y)  A z,  i.e.,  (x  A y)  a z = inf  (xyz)  . 
Similarly,  xA  (yAz)  = inf  (xyz). 

Theorem  3.11.  Suppose  (I,  *)  and  (I,  *’)  are 
standard  threads  such  that  x*y^x*'  y for  each  x,  ye  I. 
Then  I is  a standard  multi-mob  under  the  multiplication 
(denoted  by  juxtaposition)  xy  = [x  * y,  x *■  y]. 

Proof . Clearly  the  multiplication  is  continuous. 

To  show  the  distributive  law,  let  x,  y,  z be  in  I. 
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Since  * and  *'  are  standard  thread  multiplications^ 
tj^  * z < t2  * z and  t,  * ' z ^ t *'  z whenever  t^  < t . If 
t e xy  then  x*y<t<x*'y  so  that  (x*y)  *z<t*z  and 
t*'  z^  (x  * ' y)  *'  z.  Since  tz  is  connected  for  all  t 
in  xy j by  using  Lemma  2.20^  (xy)z  is  connected.  It 
follows  that  (xy)z  = [(x*y)*z,  (x*'y)*'z]  = [x  * (y  * z)  , 

X*'  (y*'  z)]  - x(yz),  i.e.,  (xy)z  - x(yz).  Clearly, 
ax  = a = xa  and  bx  = x = xb . 

Example  3.12.  For  x,  yel,  let  x * y = x • y,  the 
usual  product  of  the  real  numbers  x and  y,  and  let 
X*’  y = min  [x,  y} . Then  I is  a standard  multi-mob 
under  the  multiplication  xy  = [x * y,  x * ' y] . 

Problem  A.  The  only  standard  multi-mob  multipli- 
cation on  I,  in  which*  xy  is  connected  for  all  x,  y e 
has  the  form  xy  = [x * y,  x*'  y],  where  * and  *'  are 
standard  thread  multiplications  on  I with  x*y^x*'  y 
for  each  x,  y e I . 

Remarlc . If  one  could  remove  the  hypothesis  of 
Theorem  3.10,  then  Problem  A remains  true  and  the  structure 
of  the  standard  multi-mobs  on  I,  in  which  xy  is  connected 
for  all  X,  ye  I,  is  completely  determined. 


50 


2 • Multi-Semi lattice 

Definition  3.13.  A multi-mob  S is  said  to  be  a 
if  and  only  if  every  element  is  an  idempotent. 
niulti- semi  lattice  is  a commutative  multi-band. 

Theorem  3.14.  If  I is  a multi-band  in  which  a 
is  a zerOj  then  xy  = min  [x,  y}^  i.e.^  each  such  multi- 

band is  a topological  semilattice. 

_P.roof . Since  every  element  is  an  idempotent,  by 
using  Lemma  3.6,  it  is  readily  shov/n  that  xy  = x = yx 
whenever  x:sy,  i.e.,  xy  = min  [x,  y]  . 

Lemma  3.15.  Suppose  I is  a multi-band.  If 


V € UV 

(u  e uv) 

for  all 

u and 

V 

in  I with  u < V, 

then 

UV  (v. 

II 

□ 

c 

> 

[a. 

U) 

= □). 

Proof. 

Let  u 

and 

V 

be 

in  I with  u<v.  For 

each 

X e [u,  b] 

, let 

U V X 

= X 

• . 

By  hypothesis,  x^  x'. 

Since 

X'  € [u. 

b]  , X' 

^ (X-) 

I 

Since  ux  is  closed  for 

each  X,  ux'  C ux.  Then  (x' ) ' ^ x'  so  that  (x' ) ' = x' . 

Let  A = { ux  I X e [u,  b]  ] . Define  the  functions 

f:  [u,  b] 5>  A and  g:  A [u,  b]  , via  f (x)  = ux 

= x'  , then  h --  gO  f is  continuous  and  h^  = h. 


and  g(ux) 
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Since  h(u)  — u and  h(b)  = h is  an  onto  function. 

It  follows  that  h(x)  = x for  all  xe  [u,  b] , and 
hence  u v v = v,  i.e. , uv  (v,  b]  = □. 

As  an  immediate  consequence  to  the  above  lemma,  one 
may  obtain  the  following: 

Theorem  3.16.  If  I is  a multi -band  such  that 
X,  y e xy  and  xy  ^ (x,  y)  = □ for  each  x,  y e I with 
x<y,  then  I is  a multi-semilattice  and  xy  = {x,  y] . 

Theorem  3.17.  If  I is  a multi-band  such  that 
xy  n (x,  y)  ^ □ for  each  x,  y e I with  x<y,  then  I 
is  a multi-semilattice  and  xy  = [x,  y] . 

Proof.  Let  x,  yel  with  x<y.  Suppose  [x,  y] 

- xy  □ and  let  z € [x,  y]  - xy.  Since  z is  in  tlie 
open  set  I - xy,  let  (c,  d)  be  the  component  containing 
z in  I - xy.  Since  xy  is  closed,  c,  d e xy.  Tlien 
cd  C xy,  and  cd  (c , d)  = □.  This  is  a contradiction. 
Therefore,  [x,  y]  C xy.  Since  x,  y £ xy  for  each  x,  y 
€l,  by  using  Theorem  3.15,  xy  = [x,  y] . 

In  the  following,  somie  multi-semilattice  operations 
on  I,  other  than  those  that  have  been  given,  may  be  found. 
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Examples  3.18.  Let  a<c<b. 

(1).  Define  a multiplication  on  I as  follows: 


r [x. 

y] 

(x. 

y € 

[a. 

c]  , 

X ^ y) 

xy  = yx  = ^ 

(x. 

y] 

(x, 

y 6 

[c, 

b]) 

1 

^ [X, 

o 

C 

(x  e 

[a. 

c] 

. ye 

[c,  b]) 

Then  I is  a multi-serailattice  under  this  iriultipli- 
cation . 

Proof.  In  view  of  Proposition  17  in  [18],  the 
proof  of  the  continuity  of  this  multiplication  is  routine. 


Let 

X e 

[a,  c]  and 

let 

^1^ 

^2^ 

[C,  b] 

with 

yi^y2 

Then 

(xy^)y2  = [X, 

c] 

{yi. 

^2^ 

= x(y^ 

^2>- 

Now  let 

X2e 

[a. 

c]  with  x^ 

"^2 

and 

let 

y e [c 

, b]. 

Then 

x^  (x 

= [x^,  c]  U 

[y]  = 

x^)y 

• 

(2).  I is  a multi-semilattice  under  the  multiplication 


xy  = yx 


[x. 

y] 

(x,  y 6 [a,  c] , X ^ y) 

min 

{x,  y) 

(x,  y e [c,  b] ) 

[X, 

c] 

(x  s [a,  c] , y € [c,  b] ) 

(3).  I is  also  a multi-semilattice  under  the  multipli- 


cation 
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r (x,  y] 

(x,  V£  [a,  c]) 

xy  = yx  = < min  {x,  y) 

(x,  ye  [c,  bj) 

1 {x,  c) 

(xe  [a,  c],  ye  [c,  b] ) 

Problem  B.  T-Jhat  kinds  of  multi-semilattice  multipli- 
cations does  I admit? 

Problem  C.  Does  a circle  C admit  a multi -mean 

structure  (a  continuous  function  m:  C X C >2*^  such 

that  m(x,  x)  = X and  m(x,  y)  = m(y,  x)  for  all  x,  y e C) 
except  the  trivial  one  ? 

Remarks . It  is  well  known  that  a circle  C does 
not  admit  a mean  structure.  However,  any  space  X admits 
a trivial  multi-mean  structure,  xy  = [x,  y),  for  all 
y 6 X.  In  this  section,  some  of  the  multi-semilattice 
multiplications  were  discussed  and  answered  Problem  B 
partially.  Problems  B and  C were  posed  by  Professor 
A.  D.  Wallace  and  remain  unsolved. 


CHAPTER  IV 


MULT I -ACTION 


1 . Multi-Action 

Definition  4.1.  A multi-action  is  such  a contin- 
uous function 


^ : S X X ->  2^ 

that  S is  a multi-moh  and  X is  a nonvoid  Hausdorff 

space  andj  denoting  x)  = sXj  the  associativity 

condition  (s  s )x  = s (s^x)  holds  for  all  s , s eS 
12  12  12 

and  all  x e X,  where  MA  = { sx  |seMj  xeA]  for  each 

mC  S and  each  A C X.  (see  [15]  and  [24]  for  the 
definition  of  a semigroup  action)  We  shall  say  S multi- 
acts  on  X via  the  multi-action  p.  If  SX  = X,  then  p 
will  be  called  an  onto  multi-action  ([3],  [15]). 


Conventions . Throughout  this  chapter,  S and  T 
denote  multi-mobs.  Also,  we  shall  adopt  the  notations 
M^  ^^A  and  M^  ^'^A  analogous  to  those  in  chapter  II. 
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A few  theorems  below  are  similar  to  those  in 
chapter  II  and  will  be  stated  without  their  proofs. 

Theorem  4.2.  Suppose  T multi- acts  on  a space 
X.  Let  mC  T and  A C X. 

(1)  If  M and  A are  compact  and  if  MA  C W for  some 
open  subset  V7  of  X,  then  there  exist  an  open 
subset  U of  T and  an  open  subset  V of  X such 
that  mC  U,  A C V,  UVC  W. 

(2)  If  X is  regular,  then  M*A*  C (MA) * with 

M*A*  = (MA) * whenever  A*  and  M*  are  compact. 

(3)  i)  If  M is  compact  and  if  A is  open,  then 

M^  ^^A  is  open. 

ii)  If  M is  compact  and  if  A is  closed,  then 

M^  ^^A  is  closed. 

iii)  If  A is  compact,  then  [ x e X | A C Mx  } is 
closed. 

Theorem  4.3.  Let  T be  compact  and  let  T multi- 
act  on  a continuum  X.  If  H is  a subset  of  X with 
non-empty  boundary  F (H)  and  if  H*  contains  a point  a 
such  that  Ta  C H*,  then  Tb  C H*  for  some  b e F (H) . 

Definition  4.4.  Let  T multi-act  on  a space  X. 


A nonvoid  subset  A of  X is  called  a T-ideal  of  X if 
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and  only  if  TA  C A.  (A)  is  defined  analogously  as 
before. 

Theorem  4.5.  Suppose  T multi-acts  on  a space  X. 

(1)  The  intersection  (if  it  is  nonvoid)  and  the  union 
of  T-ideals  of  X is  again  a T-ideal  of  X. 

(2)  The  closure  of  a T-ideal  of  X is  a T-ideal  of 

X. 

(3)  If  T and  X are  compact^  then  each  T-ideal  of 

X contains  a minimal  T-ideal  of  X and  each  such 
is  closed. 

Theore-m  4.6.  Let  T multi-act  on  a space  X and 
let  A be  a subset  of  X. 

(1)  If  A is  closed^  then  Jq (A)  is  closed.  If  A 

is  open  and  if  T is  compact,  then  Jq (A)  is  open. 

(2)  If  T and  X are  compact  and  if  A is  a proper 
T-ideal  of  X,  then  X contains  a proper  T-ideal 
of  X containing  A which  is  maximal.  Moreover, 
each  maximal  proper  T-ideal  of  X is  open. 

(3)  If  T is  compact  and  if  X is  a continuum,  then 
each  maximal  proper  T-ideal  of  X is  open  and 
dense. 

Theorem  4.7.  Suppose  T multi-acts  on  a space  X 
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with  T 

and 

X 

compact. 

If 

the  multi-action  is  onto 

and 

if  Tx  C 

Ty  or 

ly  C Tx 

for 

each  X,  y e X,  then  Tb 

= X 

for  some 

b 

in 

X [15]. 
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2 . Induced  Action 

Suppose  T multi-acts  on  a space  via  with 

T and  X compact.  Let 


be  a function  defined  by  p* (M,  A)  = MA.  On  account  of 
Theorem  4.1,  is  a semigroup  action.  The  proof  is 

similar  to  that  of  Theorem  2.11.  The  semigroup  action  p* 
will  be  called  the  induced,  action  of  the  multi-action  p. 


Lemma  4.8.  Suxjpose  a semigroup  G acts  on  a space 


X,  via  p,  with  G and  X compact.  Let  H be  a 
semigroup,  Y be  a nonvoid  Hausdorff  space,  f be  a 
morphism  of  G onto  H,  and  g be  a continuous  function 
of  X onto  Y.  If  V is  any  function  from  H X Y into 
Y making  the  following  diagram  analytic,  then  v is  an 
action  [15] . 


X 


G X X — . 


X 


fXg 


g 


H X Y 


Y 


V 


Theorem  4.9.  Suppose  T multi-acts  on  a space  X 
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via  v^ith  T and  X compact.  Let  Y be  a space j f 

be  a morphism  of  T onto  and  g be  a continuous 

function  of  X onto  Y.  If  v is  any  function  from 
Y 

S X Y into  2 making  the  following  diagram  analytic  then 
V is  a multi-action,  where  g* (A)  = g (A) . 


T X X 


— > 


fXg 


v 

S X Y 


V 

->  2^ 


V 


Proof.  In  view  of  Theorem  2.35,  f*:  2*^ ~^2^, 

via  f * (M)  = f (M) , is  an  onto  morphism.  Since  g is 
onto,  Y is  regular  and  hence  g*  is  continuous  amd  onto. 

q Y 

Let  V*  be  the  function  defined  on  2X2  by 
V*  (N,  B)  = [ V (n,  b)  I n e N,  b e B } . Now  let 

(M,  A)  G 2^^  X Then 

v*(f*  X g*)  (M,  A)  = v*(f*(iM),  g*(A)) 

= [ V (f  (m)  , g (a)  ) j m g M,  a g A } 

= ^ [ V (f  X g)  e)  [ m € M,  a G A } 

= ^ [ g*p  (m,  a)  I m G M,  a g A } 
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= '^[g(ma)  | in  e M,  aeA] 

= g ( [ ma  I m e M , aeA)) 

= g(MA)  = g*  (MA)  = g*',n*(M^  A), 

i.e.,  v*(f*  X 9*)  = g*(a*.  Then  all  the  hypotheses  of 

Lemma  4.8,  in  the  following  diagram,  are  satisfied. 
Therefore,  v*  is  a semigroup  action.  It  is  clear  that 
V = V*  I S X Y,  and  hence  v is  a multi-action. 


T X 

2X2 


f*Xg- 


V 

S Y 

2 X 2^ 


O' 


X 


-> 


V 


V* 


->  2 


Theorem  4.10.  Suppose  T multi-acts  on  a space 
^3  via  p,  with  T and  X compact.  Let  C he  a closed 
multi-congruence  on  T with  T/C  closed  in  2^  and  let 
£ be  a closed  equivalence  relation  on  X with  X/£ 
closed  in  2 such  that  M(tx)  ^ X/£  = M(sy)  X/£ 

whenever  (t,  s)  g C and  (x,  y)  e £.  Then  T/C  multi-acts 
on  X/C  via  v(p(t),  q(x))  = M(tx)  X/C  where  p is  the 

quotient  map  from  T onto  T/ C and  q is  the  quotient  map 
from  X onto  X/£. 
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.Proof.  Let  V:  T/C  X ^/S be  defined  by 

~ M (tx)  ^ X/ fi.  Then  v is  well  defined  by 
the  assumption.  Now  let  (t,  x)  g T X X.  Then 

V (P  X g)  (t,  x)  = V (p  (t)  , q (x)  ) = M (tx)  X/£  = q*  p (t,  x)  , 

i.e.j  V (p  X ~ q*P  so  that  the  following  diagram  is 
analytic. 


T X X 


->  2 


X 


pXq 


V 


V 


T/C  X X/& 


->  2 


x/e 


V 


Thus  all  the  hypotheses  of  Theorem  4.9  are  satisfied,  and 
V is  a multi-action. 

Definition  4.11.  Suppose  T multi-acts  on  a space 
X.  An  equivalence  relation  S on  X is  called  a T-equiv— 
lienee  relation  if  and  only  if  M(tx)  H x/£  = M(ty)  H x/£ 
for  each  (x,  y)  e £ and  each  te  T.  (see  [23]) 

Corollary  4.12.  Suppose  T multi-acts  on  X,  via 
with  T and  X compact.  Let  £ be  a closed  T-equiv- 
alence  relation  on  X with  X/£  closed  in  2^.  Then  T 
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multi-acts  on  X/£  via  v(t,  q(x))  = M(tx)  H x/£ , 

Corollary  4.13.  Suppose  T multi-acts  on  via 

with  T and  X compact.  Let  C be  a closed  multi- 
congruence on  T such  that  tx  = sx  for  each  x e X 
whenever  (t,  s)  gC-  If  T/C  is  closed  in  2^^,  then  T/C 
multi-acts  on  X via  v(p(t)^  x)  = tx. 

Lemma  4.14.  Suppose  T multi-acts  on  a space  X. 
Let  J be  a closed  ideal  of  = snd 

e = JX  X JX^A-  Then  M(tx)  H x/£  = M(sy)  H x/£  whenever 
(t,  s)  £ c and  (x^  y)  e £ . 


Proof.  If  t € J,  then  s g j so  that  tx  C JX 


and 

sy  C JX 

, i . e . , M ( tx) 

^ X/£  = M(xy) 

nX/£.  If  tXJ, 

then 

t = s . 

If  xX  JX  then  x = y so 

that  tx  = sy.  If 

X G JX 

then 

tx  C TJX  C JX 

and  sy  C JX. 

Thus,  in  either 

case, 

M (tx) 

X/£  = M(xy) 

^ X/£  . 

Theorem  4.15.  Suppose  T multi-acts  on  a space  X, 
via  M- , with  T and  X compact.  Let  J be  a closed  ideal 
of  T with  T/[J]  and  X/[JX]  closed  in  2'^  and  2^ 
respectively.  Then  T/[J]  multi-acts  on  X/JX  via 


v(p(t),  q(x))  = M(tx)  nx/[JX]. 
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